Energies of the low-lying bound S-states (L=0) of exotic three-body systems, consisting a nuclear core of charge +Ze (Z being atomic number of the core) and two negatively charged valence muons, have been calculated by hyperspherical harmonics expansion method (HHEM). The three-body Schrődinger equation is solved assuming purely Coulomb interaction among the binary pairs of the three-body systems X Z+ µ − µ − for Z=1 to 54. Convergence pattern of the energies have been checked with respect to the increasing number of partial waves Λ max . For available computer facilities, calculations are feasible up to Λ max = 28 partial waves, however, calculation for still higher partial waves have been achieved through an appropriate extrapolation scheme. The dependence of bound state energies has been checked against increasing nuclear charge Z and finally, the calculated energies have been compared with the ones of the literature.
I Introduction
Exotic few-body systems, consisting electrons, muons, protons, deuteron etc. and their antimatters are becoming more and more significant in atomic spectroscopy, quantum electrodynamics and astrophysics [1] [2] . Structural properties of such few-body systems can be investigated in terms of few-body problems involving Coulomb forces. And these few-body Coulomb problems have long research history in non-relativistic quantum mechanics. Starting with few-charged particle systems during the early stages of quantum mechanics [3] such problems pose significant fundamental theoretical and practical importance in atomic-molecular and nuclear-particle physics. As the exotic particles are usually unstable, the atoms (or ions) which they constitute are also very short lived. In practice, atoms of this kind can be formed by stopping accelerated exotic particles in matter. The stopped particles replace one or more electron(s) in an ordinary atom. The first orbit of the exotic particle(s) after capture is very similar in size to that of the electron(s) before ejection. Afterward, it cascades down the ladder of exotic-atom states by x-ray and Auger transitions. If the exotic particle is a negative muon, it passes through various environments before its death in the vicinity of an atomic nucleus [4] . In the early stages it scatters from atom to atom as free electron and gradually gives off its energy until it is captured into an atomic orbit. When it reaches the lowest energy level (1s), it experiences only the Coulomb interaction with the protons in the nucleus and weak interaction with rest of the nucleons. In the case of the hadrons (such as the pion, kaon, or anti-proton) the cascade ends earlier for all exotic atoms except those with atomic number 1 or 2, due to nuclear absorption or annihilation of the particle by the shortrange strong interaction. Since exotic particles (except positron) are all much heavier than the electron, they are more strongly bound to the nucleus than electrons, and their transitions during the de-excitation are much more energetic than those of electrons. In addition, exotic particles may come much closer to the nucleus than the electrons in an ordinary atom. The exotic atoms (or ions) are obtained when one or more of the subatomic particles of neutral atom are replaced by one or more exotic particles like muon, pion, kaon, anti-proton etc of the same charge [5] . The most studied exotic few-body Coulomb system are the muonic atoms or ions which are formed by removing one or more orbital electron(s) by one or more negative muon(s). However the present article deals with only those systems where the positively charged nucleus is orbited by two negatively charged-muons. Since the early seventies, muonic atoms are used to measure a number of atomic properties including nature and strength of eletron-muon interaction [6] . In the early fifties, muon was assumed to be very useful probe to measure the electromagnetic properties of nuclei [7] . Magnetic hyperfine structure of muonic atoms was studied by Johnson and Sorensen [8] . Isotopic shifts in muonic spectra of isotopes of Ca, Cr, Cu, Mo etc have been measured by Macagno et al [9] . Krutov and Martynenko studied the hyperfine structure of muonic helium atom (µe 4 2 He) using perturbation method [10] and also investigated the Lamb-shift in the muonic deuterium (µD) [11] . Bound-state properties and hyperfine-structure splitting in beryllium-muonic ions are determined by Frolov [12] using highly accurate variational wave functions. Flambaum [13] reported the effect of bound muons, pions, kaons etc on the fission barrier and stability of highly charged nuclei. Many new experiments have been proposed in Muon Science Laboratory, RIKEN [14] . Investigation reveals important role of few-body Coulomb system in the cold fusion process (CFP) [15] in which muonic few-body systems experience a strong interplay between nuclear and Coulomb forces involving heavy nuclei such as (dtµ) + l molecular ion. Furthermore there are large numbers of few-body systems involving antimatter such as antihydrogen (H = pe + ), muonic antihydrogen (H µ = pµ + ), antiprotonic helium atom (p+ 4(3) He) [16] [17] and many more from modern antimatter physics. Studies on such exotic few-body systems involving particle-antiparticle combination may help in checking the CPT law better than usual systems. For example muonic antihydrogen atom (H µ ) could be better choice than antihydrogen (He + ) for validating CPT law [18] [19] . Physics involved in the reaction and dynamics of muonic helium atom has been extensively discussed by T. J. Stuchi et al [20] . In addition to the experiment on the reactions of muonic helium and muonium with H 2 by Donald G Fleming and Co-workers [21] , several others can also be found in the literature. To study the bound state properties of such exotic system, a number of theoretical methods have been reported in the literature [22] [23] [24] [25] [26] [27] [28] . We may refer Rodriguez et al [29] who used angular correlated configuration interaction (ACCI) approach to study the lowest lying states of two-electron and electron-muon three-body atomic systems. Their work includes the energy calculation for negatively charged hydrogen-like systems; neutral helium-like systems, and positively charged lithium like systems. And a more precise calculation for these systems has been reported by Smith Jr et al [30] and Frolov et al [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] . However, first muonic calculations adopting variational approach was started almost 50 years past by Halpern [46] , Carter [47] [48] and Delves et al [49] . And about 30 years back Vinitsky et al [50] adopted non-variational approach for the muonic molecular ions. The bound D-state in dtu was calculated adopting variational approach by Kamimura in the late eighties [51] . Krivec and Mandelzweig [52] have also reported non-variational calculation for Muonic helium atom ( 4 He 2+ µ − e − ) where they obtained energy up to twelve significant digits employing the Correlated Function HH method. The present article deals with only those systems where the positively charged nucleus is surrounded by two negatively charged-muons. The structural properties of such exotic Coulomb systems can be investigated by treating them as a three-body system consisting of a relatively heavy and positively charged nuclear core plus two valence muons. In support of the present model of study we may state the facts that the electromagnetic interaction is much weaker than the strong interaction, hence muon(s) will not perturb the nucleus to any significant degrees and the nuclear degrees of freedom may be neglected as a first approximation. Again, the fact that the muon mass is much smaller than the nuclear mass allows us to regard the nucleus as a almost static source of the Coulomb interaction. In one of our previous work [53] we have considered only the ground state of some exotic two-muon atoms and in the present present work we have extended the calculation to some low-lying bound n 1 S (n=1 to 6) -states of several exotic two-muon three-body systems hyperspherical harmonics expansion method (HHEM). As discussed in [53] , HHEM is a powerful tool for the ab initio solution of the few-body Schrödinger equation, for a given set of potentials of interaction among constituent particles. Although the method is notorious for its slow convergence particularly for the Coulomb type long range two-body interaction potential, still it is widely used in solving few-body Schrödinger equation, for a given set of inter-particle interaction potentials [54] [55] . For example, we may refer some of the works of Barnea et al., in which they employed HH for the solution of few-body problems during 1990-2011 [56] [57] [58] [59] [60] . And, the Pisa group of Rosati et al. [61] has used this method to study the binding mechanism of three-and four-nucleon systems viz triton and helium nucleus. The label scheme in this method for a three-body system involves three possible binary interacting pairs which correspond to three different partitions. In the k th partition the particle labeled as k performs the role of a spectator while the remaining two labeled as i and j form the interacting pair. For the calculation of matrix element of V(r ij ), the interaction potential of the (ij) pair, it is then convenient to expand the chosen HH in the set of HH corresponding to the partition in which r ij is proportional to the first Jacobi vector [62] . To do this we need the transformation coefficients, called Raynal-Revai coefficients (RRC), from one choice of partition to another. Raynal and Revai [63] obtained an expression for these coefficients for a three-body system containing particles of arbitrary masses. In this work, RRC [62] [63] [64] has been used in the numerical computation of potential matrix elements of the two-body interactions, involved in the three-body systems consisting of a positively charged nucleus plus two negatively charged muons. The energies calculated for the low-lying bound S-states have been compared with the ones of the literature, dependence of convergence pattern of energies have been checked against increasing i) nuclear charge Z and ii) number of partial waves Λ m included in the calculation. In Section II, we briefly describe hyperspherical harmonics expansion method and the transformation coefficients between two sets of HH belonging to two different partitions. In Section III, we shall briefly discuss the use of RRC in the calculation of energies for the low-lying bound S-states of helium-like systems consisting of a positively charged core plus two valence muons. The results of calculated observables will be compared to the ones of the literature wherever available.
II HHE Method
For a general three-body system consisting particles of unequal masses m i , m j , m k , the label scheme is shown in Fig.1 .
The Jacobi coordinates [69] to describe the relative motion in the partition -"i" are defined as:
where M = m i + m j + m k and the sign of ξ i is determined by the condition that (i, j, k) should form a cyclic permutation of (1, 2, 3). Eq.(1) represents set of Jacobi coordinates which corresponds to the partition, in which, the particle labeled "i" is the spectator and particles labeled "j" and "k" form the interacting pair. In terms of the hyperspherical variables [53] Fig. 1 Choice of Jacobi coordinates in the partition "i" for a general three-body system with particle mass mi, mj, mk respectively. 
is an effective mass parameter, V (ρ, Ω i ) = V jk + V ki + V ij is the total interaction potential, and square of hyper angular momentum operatorΛ 2 (Ω i ) satisfies the eigenvalue equation [53] 
where the eigenfunction Θ Λα i (Ω i ) is called the hyperspherical harmonics (HH). The normalized HH with specified three-body total orbital angular momentum L(=| l ξ i + l η i |) and its projection M is given by
where
The hyper-angular momentum quantum number Λ = 2n i +l ξ i +l η i , n i being non-negative integer is not a good quantum number for the three-body system. For a given partition (say partition "i"), the wave-function Ξ(ρ, Ω i ) is expanded in the complete set of HH Ξ(ρ, Ω i ) =
Insertion of eq. (6) in eq. (3), use of eq. (4) and application of the ortho-normality of HH, leads to the set of coupled differential equations (CDE) in ρ
For central interaction potentials, calculation of the matrix elements of the form <
, is straight forward, while the same becomes very complicated for
> even for central potentials, since ξ k or ξ j involves the polar anglesξ i andη i . From eq. (1), we may write
is an odd (even) permutation of the triad (1 2 3). For any arbitrary shape of the central potential with non-zero L, calculation becomes inaccurate and slow, since most of the five dimensional integrals have to be done numerically. However, evaluation of the latter matrix elements can be greatly simplified in the way it is described in [53] . As the complete sets of HH functions
} span the same five dimensional angular hyperspace, any particular member of a given set, say Θ Λα i (Ω i ) can be expanded in the complete set of {Θ Λα j (Ω j )} through a unitary transformation:
Again, since Λ, L, M are conserved for eq.(10) and there is rotational degeneracy with respect to the quantum number M for spin independent forces, we have
Thus, we can rewrite eq(10) as
The M independent coefficients involved in eq (11) and (12) are called the Raynal-Revai Coefficients (RRC). Using these coefficients, the matrix element of a central interaction
The matrix element on the right side of eq.(13) resembles the matrix element of V jk in the partition "i" and can be calculated in a simple manner. Thus, one can calculate matrix element of V ij easily by computing RRC's involved in eq.(13) using their elaborate expressions from [62] [63] [64] . Similar treatment can be applied for the calculation of the matrix element of V ki . At this point we may also refer the analytical calculation of matrix elements of the effective potential in correlation function HH method by Krivec and Mandelzweig [65] .
III Application to Coulomb three-body problem: twomuon atoms and ions
We apply HHEM together with the idea of Raynal-Revai Coefficients to the bound Sstates of three-body Coulomb systems consisting a positively charged nucleus of arbitrary Z (≤ 54) plus two negatively charged muons (µ − ). We assign the label "i" to the nucleus (of mass m N and charge +Ze), and labels "j" and "k" to two muons (of mass m j = m k = m and charge -e) respectively. Jacobi coordinates of eq(1) in the partition "i", for this particular choice of masses becomes
where we relate
to the system effective mass µ in the way
In muon atomic units (i.e.,h 2 =m µ =m=e 2 =1) eq(7) takes the form
The mass of the particles involved in this work can be found in [53, [66] [67] and the energies presented in [1] in atomic unit (a.u.) have been converted to muon atomic unit (m.a.u.) following the conversion relation 1 m.a.u. = 206.7682838 a.u., taking muon mass m µ = 206.7682838m e provided by Mohr and Taylor [68] . Calculation of potential matrix elements of muon-nucleus Coulomb interactions V ij and V ki in the partition "i" are greatly simplified by the use of RRC, following-prescriptions of previous section and the same described in our previous work [53] . For two-muon three-body systems, , β j = β k 1. In eq(6), we expand the three-body relative wave function in the complete set HH appropriate to the partition "i". For the bound S-states of two-muon systems, the total orbital angular momentum, L=0 and the spin part of the total wave function for twomuons is anti-symmetric. Again, since L = 0, l ξ i = l η i . So, the set of quantum numbers represented by α i is {l ξ i , l ξ i , 0, 0}. Thus, the quantum numbers {Λα i } can be represented by {Λl ξ i } only. Furthermore, since the space part of the wave function must be symmetric, under the exchange of the two muons, only even values of l ξ i (≤ Λ/2) are allowed. Corresponding HH can then be written as
(Λ even and l ξ i = 0, 2, 4, . . . , Λ/2) .
The matrix element of the muon-muon repulsion term in our chosen partition "i", is
in which the suffix i on φ has been dropped deliberately, since φ is only a variable of integration. In the same way, the matrix element of the third term (i.e. the muon-nucleus attraction term) in the partition "k" is
An identical relation holds for the matrix element of the last term of eq.(16) in the partition "j" [53] . Eqs. (19) and (20) show that the matrix elements are essentially the same in their respective partitions, although l ξ k and l ξ j are not restricted to only even integer values. Each involves only a single, one dimensional integral to be performed numerically. Using eq. (13), matrix elements of the third and fourth terms of eq. (16) in our chosen partition (i.e., partition "i") become
and
Sums over l ξ k and l ξ j respectively in eqs. (21) and (22) have been performed using the Kronecker -δ's in eq. (20) and a similar one with suffix k replaced by suffix j. Thus the evaluation of the matrix elements of all the potential components become practically simple and easy to handle numerically. One of the major drawback of HH expansion method is the slow rate of convergence for long range Coulomb-type interaction potentials, although the rate of convergence for short-range interaction potentials is reasonably fast [69] [70] . So, to reach expected degree of convergence, sufficiently large Λ m value is to be incorporated in the calculation. But, if all Λ values up to a maximum of Λ m are included in the HH expansion then the number (K) of such basis state function will be given by
is odd.
From eq.(23), one can easily note that the total number of basis states and hence the size of coupled differential equations (CDE) [eq. (7)] increases rapidly with increase in Λ m . For instance, one has to solve 625 CDE for Λ m = 96 which leads the computation towards instability. The present calculation is performed on a core-i3 based desktop computer which allowed us to solve up to Λ m = 28 reliably. The calculated bound state energies (B Λm ) for values of Λ m up to 28 are presented in columns 2 -12 of Table-1 for some lowlying bound S-states of two-muon three-body systems with nucleus of arbitrary charge Z like-
The energies for higher Λ m values are estimated following an extrapolation scheme prescribed by T. R. Schneider [71] described in great details in [53] . The extrapolated values are presented in column 4 of Table-3 and columns 4 and 8 of Table-4 respectively. In columns 5 & 6 of Table-3 results of some other calculations for the same states wherever available have been listed for comparison with our values The pattern of convergence in the energy of the low-lying bound S-states with respect to increasing Λ m can be checked by gradually increasing Λ m values in suitable steps (dΛ) and comparing the energy difference ∆B = B(Λ + dΛ) − B(Λ) with that found in the previous step. From the calculated energy data recorded in Table- 1, it can be seen that for Λ m = 28, energy of the lowest (n=1) bound S-state of He 2+ µ − µ − converges up to 3rd decimal places while that of the excited (n=5) bound S-state converged only up to the 1st decimal places. Convergence 
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Figure 2: Dependence of the energy (B) of the low-lying bound S-states of two-muon three-body systems on the increase in nuclear charge Z.
trend in the remaining cases also follow the same pattern. Thus, energy of the lowestlying bound S-states converges faster than the energy of higher excited S-states. Again, for increasing Λ m , energy of any particular low-lying bound S-state in a relatively lighter system converges faster than the energy of the corresponding state in heavier system. In addition to the above, we may also state that the energy of any particular bound S-state of two-muon system of lower nuclear charge Z, converges faster than the energy of the corresponding bound S-state of two-muon systems of relatively greater nuclear charge Z. For justification of the forgoing remarks we first estimated the difference in energy ∆B = B(Λ m = 28) − B(Λ m = 24) using energy values recorded in columns 2 and 3 of 
In this way we justify our forgoing remarks. Furthermore, it could also be mentioned here that, although, the direct computation of the matrix element of The calculated energies of the low-lying bound S-states, of two-muon three-body systems of different nuclear charge Z (but of infinite nuclear mass), have been plotted against Z as shown in Fig. 2 to study the dependence of the bound state energies on the strength of the nuclear charge. The data used for Fig.2 is taken from column 3 of Table -3 and from  column 7 of Table-4 . And from Fig.2 it can be seen that the energy increases gradually with the increase in the strength nuclear charge Z. From the following empirical eq. (24, ) an estimate of the energy of the bound n 1 S (n=1 to 6) state two-muon atom with a given Z can be done by an appropriate choice of value the set of parameters γ t (t = 0, 1, 2, 3) listed in Table- 
The values of the parameters γ t listed in Table-6 have been obtained by fitting the  calculated energy data of Table- 1 S state of few two-muon three-body systems with nucleus of different charge number (Z) as a representative case using the calculated data presented in Table- 1. From  Fig.3 , it can be seen that the rate of convergence in energy with respect to increasing Λ m in the case of Ne 10+ µ − µ − having nuclear charge Z=10 is slower than that for He
We have demonstrated the variations of-binding energy B(Λ m ) with respect to increasing Λ m in Fig. 4 and the difference in energy ∆B against Λ m in Fig. 5 for few low-lying bound S-states of Ge 32+ µ − µ − , as a representative case to study the pattern of convergence in energy of the low-lying bound S-states with respect to Λ m keeping the nuclear charge Z constant. By comparing, the relative change in height of the bars in Fig. 5 , corresponding to different S-states for increasing Λ m , it can be stated that energy obtained for the lowest-lying bound S-states converges faster than the energy for higher excited S-states. In other words, energy of the 1 1 S bound state tends towards convergence faster than that of the 2-7 1 S bound states or energy of the 2 1 S bound state tends towards convergence better than that of the 3-7 1 S states and so on. And finally, in Table-3, the energies of the low-lying bound S-states of several two-muon three-body systems calculated by an exact numerical solution of the coupled differential equation by the renormalized Numerov method [72] using RRC have been compared with the ones of the literature.
IV Conclusion
In conclusion, we note that for systems with inter-particle interaction other than Coulomb or harmonic, use of RRC in HHE method becomes essential for the solution of the three-body Schrődinger equation. Hence these coefficients are found to be of utmost importance for any type of interaction involved in three-body calculation. Further, the calculated energy for the low-lying bound S-state at Λ m = 28 listed in column 3 of Table-3 [73] . Again, since RRC's are independent of r, may be calculated once only and stored, resulting in an efficient and highly economical numerical computation. Finally, the present method being so simple, precise and highly effective for the description of two-muon three-body systems, can also be applied to more complex atomic and nuclear many-body systems.
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